Int. J. Heat Mass Transfer.

D
Pr,

Twr
R,
Reg,

Vol. 13, pp. 10291047, Pergamon Press 1970, Printed in Great Britain
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Abstract— The influence of wall cooling on the mean structure of a turbulent boundary layer in low-speed
gas flow is discussed in terms of measured velocity and temperature profiles and friction coefficients, and
comparisons are made with existing semi-empirical analyses of turbulent boundarylayers. The measurements
were made in an air flow through the entrance region of a smooth, isothermal tube where the free-stream
velocity variation was negligible. Satisfactory agreement was found between the magnitude of the increase
of the friction coefficient with cooling and values predicted from (1) a reference temperature concept,
(2) Spalding and Chi’s empirical correlation, and (3} Coles’ transformation theory in which an appropriate
value of the viscosity—temperature exponent lies between 0-7 and 1-0. Measured velocity and temperature
profiles when represented in terms of ¥, T* and y* depended on a cooling parameter B, indicated by
theory. Fair agreement was found between measured and predicted profiles involving Prandtl’s mixing
length and Coles’ transformation theories.
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Stanton number,

w .
[Tw - 'I;] peuecp,,
temperature;

dimensionless temperature, equation
(6);

velocity parallel to wall;

friction velocity, equation (6);
dimensionless velocity, equation (6);
distance along wall;

distance normal to wall;
dimensionless normal distance, equa-
tion (6);

thermal diffusivity;

cooling parameter, equation (7);
boundary-layer thickness;
displacement thickness
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[R —y]dy;
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¢,  eddy diffusivity for heat;

¢, eddy diffusivity for momentum
1, scaling function, equation (A.2);
0, momentum thickness,

an

[RE
2 pe“e u(‘
0
[R —y]dy;

K, mixing length constant ;
i, velocity ;
v, kinematic viscosity ;
£, scaling function, equation (A.2);
P, density ;
o, scaling function, equation (A.2);

1,,  wall shear stress;
¢,  energy thickness,

v, stream function;
w,  viscosity-temperature exponent.

Subscripts and superscripts

e, condition at free-stream edge of boun-
dary layer;

r, reference condition ;

s, Coles’ mean sublayer reference con-
dition;

il

stagnation condition ;

w, wall condition;
(), constant-property value.
I. INTRODUCTION
EXPERIMENTAL investigations of turbulent-

boundary-layer flow of gases over cooled sur-
faces have usually been associated with super-
sonic flow, in which frictional heating effects
become important and external cooling is
sometimes necessary to maintain the integrity
of the surface (e.g. see the review by Spalding
and Chi [1]). These are, however, numerous
applications in low-speed gas flows in which
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temperature differences between the free stream
and the surface are significant enough so that
properties no longer can be considered constant.
For this situation a knowledge of the influence
of cooling (or heating) on the structure of a
turbulent boundary layer is important. This
information should also be useful as an initial
step in understanding more complicated flows
that involve additional effects such as compressi-
bility and acceleration or deceleration, often
found in practice.

In this experimental investigation, Pitot-
tube and thermocouple measurements were
made in the boundary-layer development region
of turbulent flow of air through a 5 in. dia. smooth
(32 microfinish) tube. Ambient air could be
compressed and heated from ambient conditions
to pressures of 250 psia and temperatures of
1500°R at a remote distance upstream of the
tube. The 86 dia.long tube could be cooled to a
nearly isothermal condition by 30 circumferen-
tial coolant passages. The measurements span
a range of cooling conditions with wall-to-gas
temperature ratios T,/T, extending from 1
(adiabatic wall condition) down to 0-4, a range
over which apparently no boundary-layer
measurements are available for turbulent boun-
dary layers in low-speed flow. A supersonic
nozzle attached to the end of the tube provided
low-speed flow through the tube at a Mach
number of 0-06. The free-stream velocity varia-
tion along the tube was negligible, amounting
to less than 4 per cent. By varying the stagnation
pressure and temperature, a relatively large
range of momentum—thickness Reynolds num-
bers from 1500 to 36000 could be investigated at
the boundary-layer measurement station near
the end of the tube.

Measured velocity and temperature profiles
are presented along with friction coefficients
deduced either from using the Pitot tube as a
Preston tube [2], or from the heat-transfer
measurements made by calorimetry in the cir-
cumferential coolant passages. Semi-empirical
analyses of turbulent boundary layers by Spald-
ing and Chi [1] and Coles [3] that are based on
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supersonic-flow measurements are appraised
by comparison to the low-speed-flow measure-
ments made in this investigation.

II. PROBES AND MEASUREMENTS

Velocity and temperature profiles across the
boundary layer were determined from simulta-
neous measurements of impact pressure and
temperature in each of four probes located
circumferentially. Three of the probes were round,
0-040 in. o.d.; the other was flattened to a
smaller height of 0-014 in. and was 0-055 in.
wide. The probes were moved mechanically
normal to the wall by a micrometer lead screw;
their location from the wall was determined with
a helipot and their wall location was determined
by electrical contact. The probes were motor-
driven at speeds up to § in./min in the outer part
of the boundary layer and at slower speeds of
005 in./min near the wall. The pressure dif-
ference between the probe and a wall static
pressure tap was measured with a pressure
transducer. The output signal of the transducers
and thermocouples was plotted continuously
versus distance from the wall. The length and
diameter of the tubes connecting the probe
and wall pressure tap to the differential trans-
ducer were chosen to minimize the response of a
simultaneous step-pressure input at the probe
tip and wall static pressure tap. At the traversing
speeds used, no difference was observed between
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the readings obtained by traversing from the
wall to the free stream and then back again to
the wall,

Thicknesses were calculated from the profile
measurements by using the expressions in the
nomenclature.

ITI. CONSTANT PROPERTIES—ADIABATIC WALL
Friction coefficients

Tests were made first with compressed air
over a pressure range from 20 to 125 psia, but at
ambient temperature so that there was no heat
transfer to the wall. Friction coefficients were
obtained for these tests by using the round
boundary-layer probes as Preston tubes [2], i.e.
from impact pressure measurements with the
probes resting on the wall. These measurements
were obtained in the law of-the-wall region, as
will become evident subsequently. Patel’s cali-
bration [4] of the relationship between the wall
shear stress 7,, impact pressure Ap, probe dia-
meter d and gas properties was used:

Apd*\t
)

For later reference in the discussion of the wall-
cooling results, the barred quantities refer to the

7,d?

pv?

t Parentheses are used throughout the paper to indicate
functional form.

o Spalding and
~ chi[1]
I
10’ —
- Average curve -
v A D through data
6 7 Probe 5 7 8
8  Forced transition far upstream Blasius equation (1)
4 i N - | ! ] [ 1 1 L1

Coles [3]

10° 2

Re,

Fi16. 1. Friction coefficients—constant properties.
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constant-property condition. The measurements
spanned values of Apd?/[p¥*] from 3 x 10° to
3 x 107, a range over which Patel’s calibration
of the Preston tube gives slightly higher values
of the friction coefficients—5 per cent at most—
than Preston’s original calibration [2].

The friction coefficients so calculated are
shown in Fig 1. There is some scatter in the
results obtained at three different circumferen-
tial locations 90° and 45° apart. Although some
of the scatter was probably due to circumferen-
tial variation in the boundary layer found to be
present, there does not appear to be any con-
sistent trend in the results obtained from probe
to probe. Consequently, some of the scatter is
also due to the accuracy of the measurements,
and an average curve drawn through the data
points should provide a good description of the
results.

Various predictions are shown in Fig. 1. The
familar Blasius turbulent-boundary-layer rela-
tion is seen to lie above the data at the lower
Reynolds numbers and below the data at the
higher Reynolds numbers:

¢, 00128

1)

2 Red -
The power dependence is apparently too large
to adequately describe the trend of the friction
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coefficient with Reynolds number. The trend of
the results is better described by the two other
constant-property relations [¢,/2](Rey) for low-
speed given by Coles [3] and Spalding and Chi
[1] The latter were found by both Coles, and
Spalding and Chi, to be a good representation of
experimental data obtained in low-speed, con-
stant-property flows over flat plates, and are
virtually identical over the Reynolds number
range of the experimental results. The experi-
mental results of the present investigation,
however, lie about 5 per cent below these
predictions. The friction coefficients given by
Coles in tabular form in [3] (Rand report)
were obtained by expressing the boundary-
layer velocity profile in terms of the law of
the wall, ¢ + [1/x] In §*, and law of the wake
[5], w(y/8). This profile was evaluated at
the edge of the boundary layer to specify a
friction law in terms of Reynolds number based
on boundary-layer thickness. Then the defini-
tion of the momentum thickness was used to
convert the results to a friction-coefficient
dependence on momentum thickness Reynolds
number. Spalding and Chi’s relation, given in
tabular form in [1], was obtained principally
in the same way, but the velocity profile was
expressed in the form y* ("), which allowed a
direct evaluation of the integral expression for

30

25—

O P2il

Probe 7

L1 1 T B | I

Test A, psia Rey
202 4390 1-36X10° 1-43
o P26 1252 25100 113X 107 129

it 5542510 7~
7'=545+2391n 5"
(Patel [4])
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y

FI1G. 2. Velocity profiles— constant properties.
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the momentum thickness to yield a friction rela-
tion in the inverse form, i.e. Re,(Z/2). The empiri-
cal expression for the velocity profile described by
Spalding [6] exhibits the behaviour that#* — 5+
in the laminar sublayer and that @ — ¢ + [1/x]
In %, the law of the wall, farther away from the
wall Including the wake function or not appa-
rently makes little difference in the predicted
friction-coefficients relation over a relatively
large range of Reynolds numbers, there being
significant differences only at low Reynolds
numbers,

Boundary-layer profiles

Velocity profiles for adiabatic wall operation
are shown in Fig 2 in terms of #* and §*.
To clearly indicate the nature of the profiles,
only two of the numerous profiles that were
obtained are shown. The profiles agree well with
the trend indicated by either form of the law of
the wall shown as

1
mt ull R
i _c+Klny.

3]
Better agreement in magnitude, however, is
provided by the form given by Patel that is
compatible with his Preston-tube measurements.
A tube displacement effect is noticeable in the
wall vicinity ; for example, at the lower Reynolds
number, velocities appear to correspond to effec-
tive tube locations farther away from the wall;
however, no correction was made for this effect,
which is important only in the immediate vicinity
of the wall, In the outer part of the boundary layer,
the wakelike behaviour found in turbulent
boundary layers is evident (e.g. see Coles [5]).
The other velocity profiles obtained for an
adiabatic wall are similar in shape to those shown
in Fig 2, displaying law-of-the-wall and wake-
like regions.

IV. COOLED WALL
Friction coefficients
With the structure of the boundary layer
known for adiabatic wall operation—the results
being typical of those found in investigations of
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turbulent boundary layers in constant-property,
low-speed flow—the compressed air was heated
upstream and the tube wall was cooled. The
tube wall was maintained at a nearly isothermal
condition by the separate circumferential coolant
passages, and the local heat transfer from the gas
to the wall was measured along the tube [7].
These heat-transfer data are believed to be
accurate to about +35 per cent when the gas
temperature was 1500°R (wall-to-gas-tempera-
ture ratio T,,/ T, from about (-4 to 0-5). At a lower
gas temperature of 1000°R (T,,/T, of about (-6)
the heat-transfer data are less accurate. An
attempt to obtain heat-transfer data with a small
difference between free-stream and wall-tem-
perature (T,/T, near 1) did not yield any useful
results primarily because of the small water-
temperature rise in the coolant passages, which
was difficult to measure accurately, and also
because of the uncertainty in the actual gas-side
wall temperatures that were obtained from the
measured wall heat fluxes and thermocouple
measurements on the coolant-side wall. Whereas
knowledge of the gas-side wall temperature to
within about 10°F leads to an insignificant error
at higher gas temperatures, this uncertainty
becomes important when the difference between
the gas and wall temperature is not large.
Experimental data were obtained at two
conditions: one in which natural transition
from a laminar to a turbulent boundary layer
occurred along the tube upstream of the boun-
dary-layer probe station; the other for forced
transition produced by a small trip ring located
far upstream at the tube inlet, this latter condi-
tion being the same for which the constant-
property results were obtained. From the boun-
dary-layer measurements, thicknesses were cal-
culated that permit an overall view of the flow
and have a bearing on the subsequent discussion.
The effect of wall cooling, for example for
forced transition, was to reduce the displacement
thickness relative to the momentum thickness;
values of */8 were between 045 and 07, whereas
constant-property values ranged from 1-28 to
1-46. This trend is in agreement with the analysis
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of [8]. Compared to the tube radius, the displace-
ment thickness was small, amounting to less than
4 per cent. Values of the ratio of the energy
thickness to the momentum thickness ¢/8 were
between 10 and 1'3. The ratio of thermal to
velocity boundary-layer thickness 8,/ should be
essentially the same as ¢/8 for air (Pr = 0-7)
if both the velocity and temperature boundary
layers originated in the same vicinity, the tube
wall were isothermal, and the free-stream velocity
variation were negligible.

These latter conditions were nearly realized for
the flow through the cooled tube, and formed the
basis for calculating friction coefficients from
the local heat-transfer measurements by the
following form of Reynolds analogy relating
the Stanton number to the friction coefficient
St = 1-16,

/2
The particular relation used was based on the
careful heat-transfer measurements by Reynolds
et al. [9] in a low-speed, essentially constant-
property, turbulent-boundary-layer air flow over
a flat, isothermal plate. The friction coefficient
was obtained by Reynolds et al. from the Schultz-
Grunow relation (e.g see Schlichting [10], p.
600), a relation apparently in good agreement
with measurements on a flat plate. Recent flat-
plate heat-transfer measurements by Chi and
Spalding [11] in a low-speed air flow with wall-
cooling support the use of equation (3). This
relation is nearly identical to the von Karman
analogy.
St 1

2 1=3[c/2}*
in the region of interest in this investigation and
in the investigations by Reynolds et al and Chi

and Spalding It should be remarked that if the
Colburn equation

St _ b
Cf/z_Pr§

for air, Pr = 0-7. 3)

for air, Pr = 07

= 127, for air, Pr = 07

were used, calculated values of the friction coeffi-
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cient would be about 10 per cent lower than
values obtained from equation (3). Of note is
that in a laminar boundary layer in a variable-
property, constant free-stream velocity, low-
speed flow over a cooled, isothermal wall, the
Colburn equation provides a good approxi-
mation of the actual relationship between heat
transfer and friction, as can be seen by comparing
the values in Table 1 from the calculations by
Back [12] to the value of St/{c,/2] = 1-27. How-
ever, in a turbulent boundary layer the factor
St/[c;/2] may be less, because the eddy diffusi-
vities for momentum and heat transfer, ¢, and
€, respectively, may be nearer to each other than
the molecular diffusivities, ie. Pr = v/x = 07
for air. Consequently, although simultaneous
measurements of heat flux and shear stress at the
wall has not been made, the use of equation (3)
for the conditions of this investigation appears to
be plausible and yields semilocal friction coeffi-
cients averaged around the circumference of the
tube. Subsequent discussion will shed further
light on the accuracy of the friction coefficients
when they are considered in conjunction with
the boundary-layer measurements.

Friction coefficients shown in Fig. 3 exhibit
the effect of cooling, the degree of cooling being
indicated by the wall-to-free-stream tempera-
ture ratio T,/T,. The properties in both the
friction coefficient and momentum-thickness
Reynolds number are evaluated at the free-
stream condition so that the effect of cooling
resides in the results at the different values of
T,/ T.. Ata given momentum-thickness Reynolds
number the effect of wall cooling, i.e. decreasing
T./T,, is to increase the friction coefficient

Table 1. Effect of cooling on the Reynolds analogy factor for a
laminar boundary layer in a variable-property, constant free-
stream velocity, low-speed flow over a cooled, isothermal wall,

Pr=07 =07 c,=const
{Back [12])
/T £ 3 3 10
St/[c,/2] 1254 1-256 1258 1260
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F1G. 3. Friction coefficients with and without cooling.

above the constant-property values that are
also shown in Fig. 3. Friction coefficients
obtained for both natural and forced transition
upstream agree with each other, as indicated by
the results for T,,/T, from 0-39 to 0-48.
Although the magnitude of the increase of the
friction coefficient with cooling can be determined
directly from Fig. 3, it is useful to view the results
as some function of c;/2 and Rey vs. T,/T, to
directly observed the effect of cooling The fric-

18

tion group [c,/2][Req]* was chosen for this
purpose, not because this group necessarily
provides a correlation of the results over the
range of T,/T, of interest, but because of various
simple functions that could be chosen—e.g.
[c,;/2][Res]*—the results in terms of the group
[c,/2] [Rep)* spread less with Re, at a particular
value of T,,/T,

Representation of the data in terms of the
friction group [c,/2][Reg]* vs. T,/T, is shown

Coles [3]

w=0-7

800<Re, < 30000
75- equation (5)

521 (ﬁeg).Coles%
— Film temperature

empirical relation
equotion (4)

>

~

[

Spalding and Chi [1]
800 % Re, < 30000

[e./3[Rg)]'"  x107

w0

Re,

| | |
01 02 03 0-3

o 2280_18400 natural transition
e 1520_15300 forced transition
O 3350_ 8240 natural transition
4 3600_36000 forced transition

L

L | | |

05
T./7.

0-6 07

Fi1G. 4. Effect of cooling on the friction group.
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in Fig. 4 to indicate the effect of wall cooling.
The increase of the friction group above the
constant-property values with cooling amounts
to about 20 per cent at a ratio of wall-to-free-
stream temperature of about 0+5. Various pre-
dictions are also shown in Fig. 4 and some
discussion pertaining to these predictions is
forthcoming.

Predicted friction coefficients

Perhaps the simplest approach to the variable-
property problem, but certainly the one that
provides the least insight, is to modify a constant-
property relation by evaluation of properties p
and u at a reference temperature. Application
of this concept to the relation

o
TWZ [p'ue ] — A
p L

yields the following for the friction group in the
variable-property flow

rpatt - al e [ ]
2 [Real’ = A[pe] [u]

Prescription of a viscosity-temperature relation
and a reference temperature then allows an
appraisal of the prediction by comparison with
the data, the constant 4 being chosen to agree
with the constant-property results. Over the
temperature range of interest, ie. ambient
temperature to 1500°R, a good approximation of
the actual variation of viscosity of air with
temperature is given by the simple power rela-
tion u o T®, with @ = 0-7. Choosing a reference
temperature at the free-stream value would yield
a friction group that would be invariable with
cooling, a relation that would lie below the
experimental results. On the other hand, a
choice of the wall temperature as a reference
temperature would result in too large an increase
in the predicted friction group with cooling. An
appropriate reference temperature should lie
somewhere between the wall and the free-stream
value, and the choice of a temperature halfway
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between the wall and the free-stream tempera-
ture, often referred to as the film temperature
T; = [T, + T.]/2, provides good agreement
with the results as shown in Fig. 4:

®d-o)
”%‘I[Reo]* =4 [1 2 ] ;

+ TJ/T.
A=79x10"% (4
o =07

Spalding and Chi

Another prediction shown in Fig. 4 is from the
empirical method of Spalding and Chi [1] de-
termined from supersonic-flow measurements
on flat plates with and without heat transfer.
This method is briefly described in the Appendix
and will be subsequently discussed in connection
with Coles’ transformation theory. The predic-
tion from the empirical method of Spalding and
Chi is in good agreement with the low-speed-
flow experimental results of this investigation
as shown in Fig 4. This finding is also in agree-
ment with the flat-plate heat-transfer measure-
ments that were later made by Chi and Spalding
[11] in a low-speed air flow with cooling (T,/T,
extending down to 0-37) where, in the absence of
boundary-layer measurements, the data were
correlated on the basis of a Reynolds number
containing the length along the plate. Subse-
quent numerical solutions of the equations for a
turbulent boundary layer, including compres-
sibility and wall cooling and heating, for flat-
plate variable-property flow have been made by
Patankar [13] using Prandtl’s mixing-length
theory and assuming the eddy diffusivities for
momentum and heat transfer ¢,/¢, to be 0:9.
These predictions were found to agree well with
the empirical method of Spalding and Chi and
the low-speed-flow heat-transfer measurements
by Chi and Spalding. We shall later return to the
mixing-length concept in the discussion of the
boundary-layer velocity and temperature pro-
files.

Coles’ transformation theory
The prediction methld of Coles [3] is based
on the concept of transforming the equations for
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a steady, compressible boundary layer to in-
compressible form. A brief description of the
transformation that is relevant to the subse-
quent discussion is given in the Appendix.
Coles’ ideas are applied herein to two low-speed
flows with constant free-stream velocity, one a
variable-property flow with heat transfer and
the other a constant-property flow also with heat
transfer, but in which temperature differences
are small so that the properties are essentially
constant. Before going into the structure of the
boundary layer implied by the transformation,
which will be subsequently discussed, the results
of the transformation theory related to the
friction relation given by equation (A.3) are
compared with the experimental results that
have been presented. For low-speed flow Coles’
relation for the mean sublayer temperature
defined in equation (A.6) and evaluated from
supersonic-flow data reduces to

T 7 [
Tw=1—<f>[1——T:][7] ©

which implies that the Prandtl number is
unity for a flow with heat transfer. The function
{f> defined by

LS

¥,
1
<f>=y—+~ u* dy”

was found by Coles to be 17-2. This value implies
a relatively thick sublayer extending to y; =
430, a location well within the turbulent region
of a turbulent boundary layer in a constant-
property low-speed flow.

Using the tabular values given by Coles [3]
(Rand report) for the constant-property friction
relation [¢,/2] (Re,) shown in Fig. 2, the variable-
property friction relation is obtained from equa-
tions (5), (A.3) and (A.5) once a viscosity—tem-
perature relationship is specified. For purposes
herein, the power relation u oc T® is considered
for which the friction relation can be written
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in the following form for a variable-property
flow

c T, _ _
Ef (Rea, 7 @3 EReq), 77 )

€

Selection of a value of w of 07 then yields
values of the friction group [c,/2][Re,]* shown
in Fig 4. The predicted effect of cooling on the
friction group is apparently larger than the
observed increase. The calculated sublayer
temperatures were closer to the free-stream
temperature than the wall temperature. An
indication of this behaviour is shown in particu-
lar at T,/T, = 0-5, where instead of evaluating
the sublayer temperature from equation (5),
it was assumed equal first to the wall and then
to the free-stream temperature. Apparently, if
any correspondence is to be achieved with the
data by using a viscosity relation for air con-
sistent with the conditions of the measurements,
the mean sublayer temperature would need to be
evaluated near, if not equal to, the free-stream
temperature. The notion that virtually the entire
boundary layer is the sublayer is hardly accep-
table, and consequently, other implications
about the transformation with regard to the
viscosity-temperature relation should be
examined.

Since the relations between the two flows given
by equation (A.3) leading to Coles’ “law” of
of corresponding stations (equation A.4) apply
to both laminar and turbulent boundary layers,
some information can be obtained from laminar
boundary layers. The difference between exact
calculations for a laminar boundary layer in a
variable-property, constant free-stream velocity,
low-speed flow over a cooled, isothermal wall,
and the prediction from the law of corresponding
stations is shown in Fig. 5 in terms of the group

¢ Rey

CrRey
Predictions from the law of corresponding
stations (equation A.4) with ® = 07 exceed
the actual values. This trend is in the same di-
rection as was indicated by comparison with the
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F1G. 5. Effect of cooling on Coles’ law of corresponding

stations in low-speed, laminar and turbulent boundary
layers at constant free-stream velocity.

experimental results shown in Fig. 4 for a tur-
bulent boundary layer. If the viscosity is taken to
be proportional to temperature, ie. w = 1, the
law of corresponding stations (equation A.4)
becomes

%{' Reg = 'Cz—fﬁeg

where the group [c,/2]Re, is invariable with
cooling. For this choice the prediction lies below
the exact values.

Application of the law of corresponding
stations to laminar boundary layers indicates
the difficulty that might be expected for tur-
bulent boundary layers when the viscosity of a
gas is not proportional to temperature, as
is the case for most gases at moderate tempera-
tures. From the comparison of data for a tur-
bulent boundary layer shown in Fig 4 and the
trend of the predictions for a laminar boundary
layer shown in Fig 5, it appears that to achieve
a correspondence between prediction and experi-
ment, a fictitious viscosity relation needs to be
invoked in which the exponent w for a power
relation would lie somewhere between 0-7 and 1.
Lewis [14] subsequently has suggested that the
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condition pu = const. across the boundary layer,
ie. poc T, w = 1 for a perfect gas, is also a re-
quirement in Coles’ transformation [3] when
applied to a flow with heat transfer.

The choice of a viscosity-temperature law
in the prediction from Coles’ theory is demon-
strated in Fig 6 for a turbulent boundary layer.
In the upper part of Fig 6, where the transfor-
mation was applied to the constant property
friction relation [¢,/2](Reg given by Coles,
good agreement with the experimental results is
found for w = 1. However, it is more appropriate
to apply the transformation on a purely experi-
mental basis, i.e. to the measured friction coeffi-
cients with constant properties. The predictions
so obtained are shown in the lower part of Fig.
6. They indicate that an appropriate value of the
exponent w lies somewhat between 0-7 and 1,
and this is consistent with that observed from the
law of corresponding stations.

Before discussing the boundary-layer profiles,
mention should be made of Spalding and Chi’s
[1] empirical method when it is expressed in
the form of the law of corresponding stations
given by equation (A.1) and shown in Fig 5.
Although the predicted friction relation is in
good agreement with the experimental results
for a low-speed flow shown in Fig 4, the friction
group [c;/2]Re, varies with cooling in an
opposite way from Coles’ law of corresponding
stations. The implication of this behaviour is
not clear, in particular if the Spalding and Chi
method is applied outside the range of conditions
on which it is based.

Boundary-layer profiles

Some of the velocity and temperature profiles
obtained for wall cooling are shown in Fig 7
in termsof u*. T* and #*, defined as

B e
u, Gr/ PreCop,,
Wut
yr =2

Hyw
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where

1, ]?
u, = p—w .

These profiles were obtained with the small,
flattened probe. Since the wall temperature is
known and the wall heat flux was measured, the
measured gas temperatures in the immediate
vicinity of the wall could be extrapolated toward
the wall. However, when this extrapolation was
made, the temperature readings with the probe
resting on the wall and at distances of 2-3 mils
from the wall were found to be somewhat low,
apparently because of heat convection to the
cooled wall from the thermocouple surface
adjacent to the wall. Consequently, these tem-
peratures were adjusted to be consistent with
extrapolation to the known temperature gradient
at the wall. Errors associated with this extrapola-
tion are expected to be small, especially for the
velocity profile, since velocity depends on the
square root of the density or temperature

measurement. As an overall check on the pro-
files, values of the energy thickness calculated
from the profiles were in good agreement with
values associated with the energy defect in the
flow as a consequence of heat transfer to the
upstream tube wall.

The measured profiles in Fig. 7 generally lie
above the constant-property reference profiles.
The amount of departure is dependent upon a
parameter B (see Deissler [15]) that will be
referred to as the cooling parameter (f < 0),
which is defined as

Ay
B TwpwutcPw.
In the outer part of the layer the wakelike
behaviour observed for adiabatic wall opera-
tion is again evident, not only in the velocity
profiles but also in the temperature profiles.
Other measured velocity and temperature pro-

files that were obtained display the same features
as the profiles shown in Fig 7. The circum-

™



1040

L. H. BACK, R. F. CUFFEL and P. F. MASSIER

50
Test A, psia 7;,°R 7,/T, B ce/2 Reg 8%6 ¢/6 8, in.
450 sie 15:1 1505 041 -0:055 217 X107 1640 054 Il 0155
A 515 303 1495 043 -0-049 1:94 X 103 2730 059 106 0-125 -
4070 s10 756 1485 045 -0.044 |70 X I0°® 5210 0-62 1-04 0-095 -
V 512 1436 i500 047 -0.040 [-54 X 1073 10,500 056 115 0-099 &vw
35/~ Probe 9, forced transition AWV% -
Coles [3] B=-0-05 + -
30— Von Karman profiles, 7~ =430, O v -
N w=07,Pr=07 /ch% gY-
&) . v
< Back [12] Van Driest [16] 83=-0-05 \_ . 7V
) - o,
A 251 \aminar sublayer prandtl mixing length %@SV
2 ool #7707, w=07 Fr=l
Re, =10% ¢, = const
15 8= Law of the wall
- +_ . +
v ' =55+25Iny
10— (constant properties, [3=0)
Von Karman sublayer
5 (constant properties, [3=0)
0 il [ L P ! [ | Lol l
35
_ 30 Coles [3] 8=-0-05 + V<7
d,} Von Karman profiles, ys =430 W
. 25+ w =07, Pr=07 v
> Back [12] \
a laminar sublayer
20+
:.i Pr=07, w=07, el
= Re,=105, ¢cp=const
AL ¢ vep
RIS B0
K ol B=-0049, Von Karman, £r=0-7
. {constant properties, B-0)
M~
5.—-
o L1 L 111[21 llllsl [ 1
" 2 4 6 100 2 4 6 10

+ -
vy i lppuryl/ By
Fi1G. 7. Velocity and temperature profiles with cooling.

ferential variation found with adiabatic wall
operation was apparently reduced with cooling,
since the probe readings at the different circum-
ferential locations were found to be in better
agreement with each other.

Predicted velocity and temperature profiles
are shown in Fig, 7 to indicate the effect of cooling
on the structureof a turbulent boundary layer
in low-speed flow. These are subsequently dis-
cussed in light of the measured profiles.

Mixing length theory
Perhaps the simplest appraisal of the effect of

cooling on the turbulent portion of the boundary
layer would be to extend Prandtl’s mixing-
length theory (I = ky) to a variable-property
flow. The prediction by Van Driest [16], who
expressed the density variation in terms of
velocity

by assuming a linear variation between tempera-
ture and velocity T =u™, (Pr =1, ¢, = €),
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takes on the following form for a low-speed flow

+ Y} DU S
[1—-ﬁu]*—1_—2[c+xlny]. ®)

Specification of the values of ¢ and «, herein
taken as 5-5S and 0-4, respectively, indicates the
explicit dependence of the velocity profiles on
the cooling parameter u*(y*, ). The profile
shown for B = —005 is in agreement with the
measured velocity profiles at nearly the same
value of B in the initial part of the law-of-the-
wall region; however, the predicted profile
slope in the law-of-the-wall region is larger
than indicated by the measured profiles. In the
outer portion of the boundary layer, where the
wakeline behaviour is observable, the prediction
lies below the data, a situation also found for
constant-property flow. However, on an overall
basis, the measured profile is well represented
by the prediction based on the mixing-length
concept, and this correspondence is consistent
with that implied by the Spalding and Chi
correlation [1].

Coles’ transformation theory

To gain some idea of how cooling might affect
the sublayer as well as the turbulent region in a
variable-property flow, Coles’ transformation
[3] is applied to the constant-property profiles

as follows
_ pu.y
ut=f (-:-)
i
T+ = g ({—)a_“y_, P})
I
where
ut =g—, T+ =—Tw j_T_,
i, 4/ PUC,

and U, = [ %w] " 9

With the use of Crocco’s specification [17] that
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the temperature ratio is the same in the two
flows. ie. T/T, = T/T,, from which it follows
that (T — T, — T)=(T - TYT. - T,)
(the small variation in the specific heat is neg-
lected herein), similar to the velocity ratio
/i, = u/u, from Coles’ transformation, and
that the Prandtl number is the same in the two
flows, the constant-property relations take on
the following form for a variable-property flow

HEUEEES
AESIE T

where u*, T* and u, are defined as before: The
profiles can be evaluated either in the variable-
property coordinates u*, T* and y* or the
constant-property coordinates #*, T+ and
y* as follows

u+ =|:%jiﬁ+
[ LI
T* = #7 T+ (10)
| W]
y§
B % ¥
vl [ﬁ* —ﬂ[ﬂ g T”dﬁ]
L w w o
or

y
3
. pw |* e
y*=[—:| ~Spdy
Ml o
P N
_ ﬁq 1 +
—[“SJ Sl‘ﬂT}rdy‘
[}

The y* to y* relation was obtained by inverting
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the y to y transformation. The cooling para-

meter f§ arises when the density is expressed in

terms of temperature in the form
p T, 1

(1)

The mean sublayer temperature defined by Coles’
equation (A.6) can be written in the form
j"s+

2ol ol
r=1 ﬁ[uw] WOT dy*t|. (12

In particular for a gas with Prandtl number of
unity and equal eddy diffusivities for momentum
and heat transfer, ie. T* = @', equation (12)
reduces to that given by Coles’ equation (5),
which can be seen by evaluating equation (11)
at the edge of the boundary layer to express j8
in terms of T,/T,and c,/2, noting that T = u,
and then by expressing c,/2 in terms of ¢,/2
by equation (A.3).

It should be noted that even for a gas with
Prandtl number less than unity, as in the case for
most gases, the mean sublayer temperature
given by equation (5) hardly differs from that
obtained from the more general relation for
any Prandtl number

T

¥s
T. St 1 _
S T i |
T, [cf/z][fss Y }
0
Ak
8 [ _fv] [E] '

For example, for Pr = 07, the product of the
first two terms obtained by using the constant
property von Karman temperature profile and
y& = 430 is as follows

G

¥s
Y N
0

Since this value is essentially the same as Coles’
value of {(f) = 172, the specification of the
friction coefficient from Coles’ transformation

L. H. BACK, R. F. CUFFEL and P. F. MASSIER

theory for Pr =1 would scarcely differ from
that for most gases with Prandtl number less
than unity.

As a direct appraisal of the transformation
theory, velocity profiles obtained with wall
cooling can be transformed to the constant-
property coordinates and compared directly
to the corresponding constant-property pro-
files on a purely experimental basis. This com-
parison is shown in Fig. 8 for two operating
conditions where the variable-property profiles
extend well into the viscous sublayer. The
transformed variable-property velocity profiles
in which the actual variation of viscosity with
temperature was used, i.e. w = 07, along with
the constant-property von Kdrman temperature
profile and y} = 430, are seen to lie slightly
above the measured constant-property profiles
in the law-of-the-wall region where the profiles
overlap one another. If, however, the variable-
property velocity profiles were transformed
by taking viscosity proportional to temperature,
the transformed velocity profiles as shown by
the dashed curves in Fig 8 would lie below the
measured constant-property profiles. Conse-
quently, a direct comparison of the measured
velocity profiles indicates that an appropriate
value of the exponent »» would again lie some-
where between 0-7 and 1, and this is consistent
with that observed from a comparison of the
measured friction coefficients and from the law
of corresponding stations. This overall corres-
pondence also establishes confidence in the values
of the friction coefficient obtained from the
heat-transfer measurements for the cooled-wall
flow, since the wall shear stress was not measured
directly.

It is also useful to view the effect of cooling that
is indicated by the predicted velocity and tem-
perature profiles from transformation theory in
the variable-property flow. The relations given
by equations (10) and (12) can be expressed in
the following form

u'ly*t, Bw; f5*) g, Pr), 7]
T*y*, B, w; 95", Pr), 3]
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To indicate the trend of the prediction, a calcula-
tion was carried out for = —005 o =07,
y+ = 430 (corresponding to Coles’ sublayer
value), and the constant-property von Karmén
profiles f and g for Pr = 07 (Fig. 7). Before dis-
cussing the prediction that is shown in Fig. 7,
it should be pointed out that the predicted
profiles would be shifted downward if a more
appropriate constant-property, law-of-the-wall
relation were used (Fig. 2) and upward if © were
chosen as 1, so that the behavior observed in the
constant-property coordinates (Fig. 8) are con-
sistent with those in the variable-property
coordinates, as indeed must be the case. In the
laminar sublayer the predicted profiles with
cooling lie below the constant-property relation,
and this trend is similar to that expected if the
boundary layer were wholly laminar. In the
region where both molecular and turbulent
transport are important, referred to as the buffer
layer, the predicted profiles cross over and then
lie above the constant-property profiles, and are
in good agreement with the measured velocity

and temperature profiles, With cooling there is a
predicted increase in the value of y* associated
with the constant-property sublayer, and the
data appear to support this trend. In the tur-
bulent region the velocity profile is near the
profile deduced from mixing-length theory, but
the profile slope is less, in better agreement with
the measured profiles in the law-of-the-wall
region. In the outer portion of the boundary layer,
better correspondence with the measured velocity
profiles would probably be achieved if the con-
stant-property profile f(§*) included an appro-
priate wake function w(y/3). It should be noted
that the predicted velocity profile would lie
below that profile shown if the sublayer thick-
ness were assumed to be less, ie. smaller . In
this regard, for the calculation, the mean sub-
layer temperature is still closer to the free-
stream than the wall temperature, as can be
observed by comparing the value of T/T,, = 196
to the measured value of T,/T,, = 2+4, correspon-
ding to the tests at § ~ —0-05.

Whereas the effect of Prandtl number on the
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predicted velocity profile is small-—the profile
for an assumed Prandtl number of 1 would lie
slightly above the profile shown in Fig 7 for
Pr = (-7—there is an effect of Prandtl number on
the temperature profile. The predicted tempera-
ture profile for Pr = 1 would lie above the pro-
file for Pr = 0-7, since it would be identical to
the velocity profile if the eddy diffusivities for
the momentum and heat transfer were the same
and the wall is isothermal For this case the
Crocco relation

T ~T,

T; - Tw
would apply. The measured velocity and tem-
perature profiles shown in this representation
in Fig 9 do indicate a linear relation between
the normalized temperature and velocity pro-

u

U,
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files over most of the boundary layer, and thus
imply that the eddy diffusivities are nearly
equal there. However, in the wall region, where
molecular transport becomes important, the
temperature profile lies below the velocity
profile because of the larger molecular diffusivity
for heat than momentum transfer, ie o =
[1/0-7]v.

V. SUMMARY AND CONCLUSIONS

Measured velocity and temperature profiles
and friction coefficients were presented for a
turbulent boundary layer in low-speed flow to
appraise the effect of wall cooling on the mean
structure of the boundary layer. The measure-
ments were made in an air flow through the
entrance region of a smooth, isothermal tube
with negligible free-stream velocity variation,
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F1G. 9. Temperature vs. velocity profiles with cooling.
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and spanned a range of momentum-—thickness
Reynolds numbers from 1500 to 36000 and wall-
to-gas temperature ratios T,/T, down to 0-4.
The effect of wall cooling ie. decreasing T,/T,,
was to increase the friction coefficient above the
constant-property values ; theincreaseamounted
to about 20 per cent at T,/T, = 0-5. Good
agreement was found between the experimental
results and three prediction methods; a reference
temperature concept, Spalding and Chi’s [1]
empirical correlation, and Coles’ [ 3] transforma-
tion theory in which an appropriate value of the
viscosity-temperature exponent lies somewhere
between 07 and 1-0.

The measured velocity and temperature pro-
files were found to lie above the constant-
property profiles when viewed in terms of u™,
T* and y*, with the amount of departure
dependent on a cooling parameter §. Predicted
velocity profiles from Prandtl’s mixing-length
theory and predicted velocity and temperature
profiles from Coles’ transformation theory were
in fair agreement with the measured profiles.
The measured velocity and temperature profiles
indicated a wakelike behavior in the outer
part of the layer.
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APPENDIX
Friction Coefficients With Cooling

Spalding and Chi [ 1] empirical method

By comparison with numerous experimental data then
available for supersonic flows over flat plates, a calculation
procedure was proposed by which the friction coefficient
when multiplied by a function F, was postulated to be a
function of the momentum-thickness Reynolds number
multiplied by another function Fgs, i.e.

[+
7” F{ReyFyg,).

The functions F, and Fg, that were assumed to depend upon
Mach number and T,/ 7, are given in tabular form by Spalding
and Chi [1]; F, was obtained from mixing-length theory and
F gowas determined empirically so that the prediction yielded
the lowest root mean square error when comparéd to experi-
mental data. Since the friction relation shown in Fig. 2 was
established by Spalding and Chi for a constant-property
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low-speed flow denoted by barred quantities, i.e,
&p
7
~=(R
3 {Reg}
with F. = 1 and Fy, = 1, there is a direct correspondence

between the variable-property flow and the constant-
property low-speed flow. These relationships are given by

s &

dp oY

2°° 2
ResFRg = I?eg

which can be combined to give

%Re,,FCFM - %’Reg. A1)
Spalding and Chi also tabulate the functions F, and Fg, in
the low-speed limit, ie. M, — 0, a condition for which the
functions depend only upon T,/T,. However, their correla-
tion was determined solely from supersonic flow data, there
apparently being no low-speed-flow measurements available
at that time.

Coles’ transformation theory [ 3]

In the transformation, which is not restricted to turbulent
boundary layers but applies to laminar boundary layers as
well, three scaling functions, o, ¢ and 5, determine the trans-
formation of the stream function ¥ and coordinates x and y,
respectively ; these relations are given by

¥ dx pay

~=o{x); = x); —==nx

v o(x} i~ &) 23y #7(x}.
The friction coefficients and momentum-thickness Reynolds
numbers in the two flows are related as follows for a perfect
gas

Az

e, T, [Hfe] &

%)

Combining these equations gives the following relationship
that is independent of the value of the scaling functions, which
Coles refers to as the “law™ of corresponding stations
¢ Ty e
L Re, et

F
=R Ad
2 T 2 €p Ad)
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For laminar boundary layers with constant free-stream
velocity the transformation requires that the scaling func-
tions o, v and 5 be constant and that py = const. across the
boundary layer. This latter condition is the well-known re-
quirement that for a perfect gas, the viscosity must be pro-
portional to temperature.

For turbulent boundary layers with constant free-stream
velocity, Coles has established two independent relation-
ships for the three scaling functions

¢ #,

- == ¢onst = —

'? ue

& pub d

= —[e8].
n Pl d0[ !

Coles claims these do not imply any restrictions on the
equation of state, energy equation or viscosity relation. The
third relationship, which Coles refers to as the sublayer
hypothesis, is associated with the connection of the ratio
fijo with pg, ie.

(A.5)

where p, is the viscosity evaluated at a mean sublayer
temperature T, This interpretation followed by assuming the
sublayer Reynolds number to be unaffected by compressi-
bility or heat transfer and thus to be the same in the two flows

¥s
ou,y u
R

i [am] )

= Pslhs)s
[&/a]

= const

where p, is a mean sublayer density. The friction relation
given by equation (A.3) with ji/e = p, is then specified once
the mean sublayer temperature T, is calculated. The form
of the viscosity relation is important in this formulation.
Coles has empirically evaluated the mean sublayer tempera-
ture defined by

= (A.6)
Ys

0

from wall-friction measurements in turbulent boundary

layers in supersonic air flows over adiabatic flat plates.

EFFET DU REFROIDISSEMENT DE LA PAROI SUR LA STRUCTURE MOYENNE D’UNE
COUCHE LIMITE TURBULENTE DANS UN ECOULEMENT GAZEUX A
FAIBLE VITESSE
Résumé— L’influence du refroidissement de la paroi sur la structure moyenne d’une couche limite turbu-
lente dans un écoulement gazeux a faible vitesse, est discutée en fonction des profils mesurés de vitesse et de
température et des coefficients de frottement, et ’on a fait des comparaisons avec les analyses semi-
empiriques existantes des couches limites turbulentes. Les mesures ont été faites dans un écoulement
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d’air a travers la région d’entrée d’un tube lisse isotherme dans lequel la variation de la vitesse de ’écoule-
ment libre était négligeable. Un accord satisfaisant a été obtenu entre la grandeur de I'augmentation du
coefficient de frottement avec le refroidissement et les valeurs prédites 3 partir, 1) d’un concept de tempéra-
ture de référence, 2) de la corrélation empirique de Spalding et Chi, et 3} de la théorie de la transformation
de Coles dans laquelle une valeur appropriée de I'exposant de la variation de la viscosité la tempéra-
ture se trouve entre 0,7 et 1,0. Les profils mesurés de vitesse et de température, lorsqu’ils sont représentés
en fonction de u*, T* et y*, dépendaient d’un paramétre de refroidissement, indiqué par la théorie. Un
bon accord a été obtenu entre les profils mesurés et prédits en utilisant les théories de la longueur de mélange
de Prandtl et de la transformation de Coles.

AUSWIRKUNGEN DER WANDKUHLUNG AUF DIE STRUKTUR EINER
TURBULENTEN GRENZSCHICHT IN EINER LANGSAMEN GASSTROMUNG

Zusammenfassung— Der Einfluss der Wandkithlung auf die Struktur einer turbulenten Grenzschicht in
einer langsamen Gasstromung wurde untersucht in Abhédngigkeit von gemessenen Geschwindigkeits-
und Temperatur-Profilen und Reibungskoeffizienten. Es wurden Vergleiche gemacht mit halb-empirischen
Methoden fiir turbulente Grenzschichten, Die Messungen wurden in einer Luststrémung durch die
Eintrittszone eines glatten, isothermen Rohres durchgefithrt, wobei die Verdnderung der Freistromgesch-
windigkeit vernachlissigbar war. Es wurde zufriendenstellende Ubereinstimmung festgestellt zwischen
dem Betrag des Anwachsens des Reibungskoeflizienten mit der Kiihlung und den vorhergesagten Werten
von (1) einem Bezugstemperatur-Konzept, (2) Spalding and Chi’s empirischer Beziehung, und (3) Cole’s
Transformations-Theorie, bei der ein passender Wert fiir den Exponenten der Viskositéts-Temperatur-
Abhiéingigkeit zwischen 0,7 und 1,0 liegt.

Die gemessenen Geschwindigkeits- und Temperatur-Profile in der Darstellung bezogen auf u*, T+
und y* hingen von einem Kithlungs-Parameter ab, wie die Theorie angibt. Schlechtere Ubereinstimmung
herrscht zwischen den gemessenen Profilen und denen, die mittels des Mischungswegansatzes nach

Prandtl und der Transformations-Theorie nach Colls bestimmt wurden.

BIMAHKE OXJARIEHUA CTEHKN HA OCPELJHEHHBIE XAPAKTEPUCTUKHN
TYPBYJEHTHOT'O IIOTPAHUYHOIO CJOA PN TEYEHUU I'A3A C
MAJION CKOPOCTLIO

Annoranus—C 10MOIMIbI0 H3MEDEHHHIX TIPoQuIIell CROPOCTH M TeMIEPATY P 1 KoapdunmenToB
TPEHHA PACCMATPUBAETCA BIMAHNE OXIAMICHMA CTEHRU HA OCPeRHEHHHE XAPAKTePHCTAKH
TYpOYJIeHTHOTG MOTPAHUYHOTO CIHOA NPU TEYeHMH T'a3a ¢ Magolt ckopocreio. [Iposexenc
CPaBHEHUE C CYIECTBYIOMHMY NOMYIMITHPUISCKAMU TEOPMAMY TYPOYIEHTHHX IOTPAHUIHELX
cioes. MamepeHua OPOBOAMIIMCH NMPU TeYEHHMM BO3AYXA Yepe3 BXOAHYIO 00JIacTh TaamKOMN
MB0TePMMYECKOlt TPYOBI, B KOTOPOH M3MEHEHMe CKOPOCTH CBOGOAHOro mMoToka GHUIO mpeHe-
Opexxumo Madeiv. Hailtieno ymOBIETROpMTesbHOE COTJVIACOBAHME MEKLY YyBeJMYeHHeM
rosddunuenta TpeHUA NPH OXIAMKIEHUMM M 3HAUYEHUAMH, PACCYUTAHHBIME 10 1) mexopmo-
MY BHAYEHMIO TEMTIEPATYpHi, 2) smnupHuecko#t woppexamun Cnoxguura u lu » 3) Teopuu
npeobpasoBanna Hoynsa, B KOTODHIX COOTBETCTBYIOI(ME BHAYEHHS TIOKA3aTej]s CTEHeHH
BAIKOCTH M TemnepaTyps Haxogunuck B npegenax 0,7 u 1. Mamepennse npoduiu cropoctn
M TEeMUEPATYPHI, BRIDAKEeHHHE Yepe3d u*, T* u y*, 3aBUCENM OT MAPAMETPA OXJIAMM[IEHWSA.
Halijeno xopoulee cOIJIacOBaHME MEMHJY WBMEDEHHBIMUA U DACCYMTAHHBIMH MPOQUIAMIL,
BRIOYAOMUMY IRy nyTn cMmeutenus Ilpasaras u npeobpaszoBaune Koyasa.
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